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Gravitational lenses

Why?
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Usual lens bends light
because of the difference in the 
index of refraction n

But in vacuum 
n = 1   ! 

Gravitational lens ? Why ?!!!

n = 1   ! 

3



Albert Einstein
ogłasza OTW

It all began
in 1915

2015 –Centenary of  
GR

Einstein Equations – matter  
curves spacetime

Free motion in curved spacetime  
is along geodesics  
(the shortest paths) 
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Bending of light near the surface of 
the Sun 
Curvature of spacetime  
affects not only trajectories of massive bodies, 
but 
also of the light !
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(the shortest paths) 
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Bending of light - History:

John Michell (1724-1793) in a letter to 
Henry Cavendish (1731-1810)   [independently von Soldner 1801]

•suppose that light is comprised of particles

• in the gravitational field of the Sun light particle
moves along a trajectory (being a solution of a  
Newtonian 2 body problem)

• in general it would be a conical section
(elipse, parabola, hyperbola) 

• for light it’s clearly a hyperbola ( c >> Vesc ) 

•hence the bending angle

• for a corpuscule of light grazing the Sun  
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Light bending near 
Calculations 
within

Light bending near 
the surface of the Sun
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Calculations 
within
the GR
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29.V.1919 
Sir Arthur Eddington 

Total solar eclipse 
in front of the 
Hyad cluster

Einstein becomes a „celebrity” –
within next year more than 100 
books on 
Relativity Theory are written



Gravitational Lensing

Spherically symmetric lens model – the 

simplest realistic case

Einstein radius (determined by mass !) 

- defines characteristic angular scale

Two images form on the opposite side of the lensls
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Two lensing regimes:

Strong: 

•multiple images

•time delays between images –

(a method to measure H0) 

Weak: image distortion
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Two images form on the opposite side of the lens

Time delay between images
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Gravitational lensing – early days

• Einstein skeptical concerning this effect

solar mass 1 M lenses, with distances 5 – 10 kpc typical for  the Galaxy 

have Einstein rings 0”.001 – unobservable !

•Zwicky 1937 (!) galaxies as lenses  

masses 1011 – 1012 Mmasses 1011 – 1012 M

distances 10 Mpc – 1 Gpc 

Einsteina ring 1”.

This is observable !
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Gravitational microlensing
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relative motion
source vs. lens

promień Einsteina 
soczewki

Bohdan Paczyński 1986
observational idea of microlensing
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When source crosses  
the Einstein ring 2 images appear
* separated by ca. 1 mas 
* no way to see them resolved
* we see 1 image of the source 
but brighter than without lensing
* relative motion of the source  
w.r.t. lens leads to variable 
brightness of the source
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lensed star 

Microlensing lightcurve

lens

OGLE-2005-BLG-006
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relative motion
source vs. lens

Einstein 
radius

Bohdan Paczyński 1986
observational idea of microlensing
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Afonso C. et al. (2003) A&A 400, 951

Alcock C. et al. (2000) ApJ 542, 281

Kerins E. et al. (2001) MNRAS 323, 13

Pixelensing towards M31



Search for extraterrestial planets – B.Paczyński, S. Mao 1991 
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OGLE team 
discovered  
14 planetary systems 
using this technique



Strong lensing history

• Revival - Refsdal 1964 idea: H0 can be measured 

from time delays

• Walsh, Carswell & Weynmann 1979 - QSO-0957+561A,B

• „mysterious” giant arcs around clusters 

A370,Cl2244 (Paczyński 

suggests gravitational lensing)

Soucail, Fort, Mellier 1987

confirm it spectroscopically 

•in the period 1978 – 1992 

only 11 lenses discovered 

• 2006 about 70 

•now we have 300 strong lensing systems: 

ongoing surveys 

SLACS, BELLS, CFHT – SL2S, CLASS, SQLS,

HAGGLeS, AEGIS, COSMOS, CASSOWARY

•in the future Pan-STARRS, LSST, JDES, SKA 16

Credit: cfhtlens.org



Gravitational lensing 

Light rays formalism Wavefronts formalism
(Fermat principle)

Light travels along a path extremalizing  

time of flight

Lensing equation: 

gradient ψ2D 17



Light travels along a path extremalizing  

time of flight

index of refraction

weak field limit of GR

null geodesics

Gravitational lensing 

Wavefronts formalism
(Fermat principle)

null geodesics

index of refraction

2-dimensional Newtonian potential – projected 
to the lens plane 
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Some Theory

Jacobi matrix for the lens equation

convergence –
isotropic
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shear  –
anisotropic

magnification



caustics

Gravitational lensing 

Light rays formalism Wavefronts formalism
(Fermat principle)

Lens equation
gradient ψ2D

geometrical term Shapiro
effect
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Critical curves and caustics for the elliptic lens model

det A =0 det A =0
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lens plane source plane source planelens plane



Recommended reading:

Quick yet comprehensive starters:

Massimo Meneghetti – Introduction to 
Gravitational Lensing (Lecture scripts) 

Ramesh Narayan, Matthias Bartelmann –
Lectures on Gravitational Lensing (1995 Jerusalem 

Winter School)

http://www.ita.uni-heidelberg.de/~massimo/sub/Lectures/gl_all.pdf

http://www.tau.ac.il/~lab3/MICROLENSING/JeruLect.pdf
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Classical Books:

P. Schneider, J.Ehlers, E.E. Falco – Gravitational 
Lenses (Springer 1992)

Gravitational lensing: Strong, weak, and micro, 
Saas-Fee Adv Courses
(ed.) Meylan, G., Jetzer, Ph., North P. (Berlin: Springer 2006)

http://www.tau.ac.il/~lab3/MICROLENSING/JeruLect.pdf



Effect of gravitational lensing - summary

Two regimes of lensing: 
Einstein radius
(determined by mass !) 
- sets a characteristic
angular scale

Strong: 
• multiple images

• time delay between images• time delay between images
– method to determine H0

• image amplification

weak: distorsion of images
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Application of strong lensing

Structure of galaxies in different evolutionary stages:
lenses as „cosmic telescopes”
lensing + stellar kinematics

Dark matter at galactic scale: 
„missing” mass clumps at small scales
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„missing” mass clumps at small scales
anomalous flux ratios
microlensing

Cosmology: 
determining the  Hubble constant 
dark energy problem



Cosmic telescopes – gravitational lenses magnify the image 
of the source, unfortunately they strongly distort it
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Cosmic telescopes
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Some technical details - terminology

Effective radius Re

radius of an isophote containing 1/2 of the total lumionosity

Central velocity dispersion

de Vaucouleurs profile

]]1)/[(67.7exp[)( 4/1  ee RRIRI
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Central velocity dispersion

e2 (or e8 )  = velocity dispersion inside Re /2 (or Re /8)

We have to correct for the aperture 

Slit is rectangular: x – width, y -length

2/1)/( xyrap 



Jeans Equation
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Now, the idea is that 
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mass inside Enstein radius calculated from lensing

should be equal to mass inside Einstein radius calculated from dynamics
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After L. Koopmans  :  www.angles.eu.org/meetings/mid_term/copenhagen_leon.pdf
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(2011) ApJ, 727, 96
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(2012) ApJ, 744, 41
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The existence of dark matter in other galaxies
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Mikrosoczewkowanie makro-obrazów

These rays travel through  
different parts of 
lensing galaxy 
– can meet stars, different extinction
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mass distribution

in galactic scales

Cosmological application of strong lensing: dark matter mass 
distribution in galaxies

Flux anomalies

Effect 
due to lensing 
by dark matter  
clumps (?)

different brightness
of macro-images;

Theory predicts 
their magnifications 
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Variable source (AGN) + time delays  light curves of images

Time delays between images  – proportional to H0 
-1
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Simulated microlensing of a quasar

Lightcurves corresponding to 
3 paths of the source over 
the caustics   

HME
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Caustic system generated by a simulated distribution of stars 



Microlensing of macro-images

Lightcurves of macro-images
superimposed after  
shifted by time delay (and 
corrected for 
image magnification)

Microlensing

residuals after subtracting 
lightcurves of macro-images
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„Refsdal” supernova

„Refsdal supernova” discovered  11 Nov. 2014 
Kelly et al. (2015) Science 347,1123

z=0.54 elliptical galaxy
belonging to 
MACS J1149.6+2223
cluster

z = 1.49 source – spiral
galaxy

41

z = 1.49 source – spiral
galaxy

host of SNII 



„Refsdal” supernova

future reappearance
expected in ca. 1 yr
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11 Dec. 2015 
SNII found in SX image 
as predicted  !!!

Great success of GR 
(mass distribution modeling
from strong lensing)

Kelly et al. (2016) ApJL
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Application of strong lensing

Structure of galaxies in different evolutionary stages:
lenses as „cosmic telescopes”
lensing + stellar kinematics

Dark matter at galactic scale: 
„missing” mass clumps at small scales
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„missing” mass clumps at small scales
anomalous flux ratios
microlensing

Cosmology: 
determining the  Hubble constant 
dark energy problem



Time delay with 1.5% accuracy

Cosmology with strong lensing time delay 
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Time delay with 1.5% accuracy

Results: Suyu et al. 2013
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?



determine cosmic equation of state XX wp 

Modern cosmology: Incremental Exploration of the 
Unknown

MB, 
B.Malec, 
A.Piórkowska
2011

Linder (astro-ph/0511197) 
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degeneracy in
(w0 , wa ) 
parameters

check if it evolves
in time

we need complementary tests

* break degeneracy  

* coherence test 



Heuristic arguments behind old searches for 
strong lenses:  (Kochanek 2004)

•Typical galaxy with Einstein radius E  has cross section E
2 

• if you examine N such galaxies for a sign of lensing, you expect 
to find  N E

2 source  lenses, where source is surface density of sources

•if you examine N sources for a galaxy in front of them, you expect 

47

•if you examine N sources for a galaxy in front of them, you expect 
to find  N E

2 lens  lenses, where lens is surface density of lensing galaxies

•now, surface density of massive galaxies is much higher than surface density 
of easily detectable high z sources lens >> source  

• hence you need to examine fewer sources than galaxies to find the same 
number of lenses

But in the era of massive galaxy surveys (like SDSS) …



After L. Koopmans  :  www.angles.eu.org/meetings/mid_term/copenhagen_leon.pdf
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After L. Koopmans  :  www.angles.eu.org/meetings/mid_term/copenhagen_leon.pdf
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Massive spectroscopic surveys: SLACS, BELLS, SL2S
SDSS, BOSS … SL2S (CFHT) 
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Reff
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RE

After M. Barnabe : 19.11.2014 IPMU, Tokyo, Japan



After L. Koopmans  :  
www.angles.eu.org/meetings/mid_term/copenhagen_leon.pdf
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Stellar dynamics
(spectroscopy) 

Gravitational lensing
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From 

angular separation of 

images

Velocity dispersion -

spectroscopy

Idea

images

Ratio determined by 

cosmological model
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2 images

Subsample 
of 2 image systems

36 SLACS lenses
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10 cluster lenses
70 galaxy lenses
from SLACS 
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marginalize over fE

2 image sample



cluster + galaxy strong lenses Present values

WMAP7+BAO+H

Ωm = 0.272

w = -1.10 ± 0.14

w0  = -0.93 ± 0.13

wa = -0.41 ± 0.71
Komatsu et al. 2011
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Full 
sample

2 image 
lens
sample



Lensing: mass inside Einstein radius

Stellar dynamics (spherical Jeans equation): 
mass inside projected aperture radius 
scaled to Einstein radius

  r

Spherical power-law mass distribution
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A.Ruff , R.Gavazzi et al. 2010

� slope evolution

vs.

Based on 
SLACS
Koopmans et al.
2006



118 lenses:

SLACS   57
BELLS    25
SL2S        5
LSD 5
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redshift
distribution of sources

redshift 
distribution of lenses
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Robust inference of 
mass density profile –
irrespective of 
cosmological model 

X. Li, S. Cao, X.Zheng, 
M.B.,Z-H. Zhu 
RAA, 16, 84 (2016)
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MNRAS (2016) in print

RAA 16, 84 (2016)



Why strong lensing systems ?
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After: A.Piórkowska  http://acp15.fuw.edu.pl/talks/Piorkowska.pdf



sensitivity wrt. cosmological
parameters 
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After: A.Piórkowska  http://acp15.fuw.edu.pl/talks/Piorkowska.pdf



angle between
major axes:
SN vs. SL
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After: A.Piórkowska  http://acp15.fuw.edu.pl/talks/Piorkowska.pdf



Two Einstein ring systems
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SDSSJ0946+1006

Gavazzi R., Treu T., Koopmans L. V. E., Bolton A. S.,
Moustakas L. A., Burles S., Marshall P. J., 2008, ApJ,
677, 1046

zl = 0.222

zs1 = 0.609 zs2  2.4



MNRAS 432, 679 (2013)
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SDSSJ0946+1006
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arXiv:1605.04910v1 [astro-ph.CO]
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Perspectives for strong lensing:

* increasing number of strong lenses discovered by

searches such as CLASS , SLACS, SL2S, SQLS, 

HAGGLeS, AEGIS, COSMOS, CASSOWARY, BELLS

* new projects: Pan-STARRS, LSST, JDEM / IDECS3, SKA4

will yield an explosion in the number of strong lenses
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•strongly lensed systems with known central velocity 

dispersions are a new class of  "standard rulers"

(Einstein radius being standardized by stellar kinematics)

•their use entered the stage of providing first estimates 

on cosmological parameters

•they will develop into a technique complementary to

other methods



DZIĘKUJĘ ZA UWAGĘ !
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Thank you !
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